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MINMAXSWITCHES NP-hard
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Minimize maximum number of switches per edge
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® Reduction from NAE 3SAT

Not-all-equal 3SAT (NAE 3SAT)

w:= N NAE(4; 1,%;2,0; 3)
NAE(z,y,2) =x#yVy#zVz#ax

W Proof idea:  » = NAE(—w; V vg V v3) A NAE(—wy V w3 V v4)
@ @ i
<~ :

0 embeddable with 1
switch per edge

© sat. <

Sebastian Roder - Cased drawings



10

Proof overview

Sebastian Roder - Cased drawings



10

Proof overview

(o)

54

Sebastian Roder - Cased drawings



10

Proof overview

(o)

v, € {true, false}

54

Sebastian Roder - Cased drawings



10

Proof overview

v, € {true, false}

54

Sebastian Roder - Cased drawings



10

Proof overview

v, € {true, false}

54

Sebastian Roder - Cased drawings



10

Proof overview

(o)

v, € {true, false}

54

Sebastian Roder - Cased drawings



10

Proof overview

(o)

v, € {true, false}

54

Sebastian Roder - Cased drawings



10

Proof overview

(o)

v, € {true, false}

54

Sebastian Roder - Cased drawings



10

Proof overview

(o)

v, € {true, false}

54

Sebastian Roder - Cased drawings



Proof overview aclll'

(D B XY

v, € {true, false}

10 Sebastian Roder - Cased drawings



10

Proof overview

(o)

v, € {true, false}

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



Proof overview aclll'

(D B XY

C1 Co
v, € {true, false}
T ... tunnel
B ... bridge
T B
® ® [ ® ®

) :

10 Sebastian Roder - Cased drawings



11

Clause gadget
B c; =NAE(; 1,4 2,4 3)

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



11

Clause gadget
B c; =NAE(; 1,4 2,4 3)

C;

B All equal: > 2 switches necessary

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



11

Clause gadget
B c; =NAE(; 1,4 2,4 3)

C;

B All equal: > 2 switches necessary

B Not all equal: possible with 1 switch

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



11

Clause gadget
B c; =NAE(; 1,4 2,4 3)

B All equal: > 2 switches necessary

B Not all equal: possible with 1 switch

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



11

Clause gadget
B c; =NAE(; 1,4 2,4 3)

B All equal: > 2 switches necessary

B Not all equal: possible with 1 switch

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



11

Clause gadget
B c; =NAE(; 1,4 2,4 3)

B All equal: > 2 switches necessary

B Not all equal: possible with 1 switch

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



11

Clause gadget
B c; =NAE(; 1,4 2,4 3)

B All equal: > 2 switches necessary

B Not all equal: possible with 1 switch

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



11

Clause gadget
B c; =NAE(; 1,4 2,4 3)

B All equal: > 2 switches necessary

B Not all equal: possible with 1 switch

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



12

Crossing gadget

N

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



12

Crossing gadget

N

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



12

Crossing gadget

N

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



12

Crossing gadget

N

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



12

Crossing gadget

N

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



12

Crossing gadget

N

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



12

Crossing gadget

N

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



Crossing gadget

/><\

R Y

C1 Co
T ... tunnel
B ... bridge
K
R

Sebastian Roder - Cased drawings



Crossing gadget

® Obs. 1 Triangles induce at least 1 switch

12

R Y

C1 Co
T ... tunnel
B ... bridge
K
R

Sebastian Roder - Cased drawings



Crossing gadget

® Obs. 1 Triangles induce at least 1 switch

12

R Y

C1 Co
T ... tunnel
B ... bridge
K
R

Sebastian Roder - Cased drawings



Crossing gadget

>

® Obs. 1 Triangles induce at least 1 switch

\

\
S

12

T ... tunnel
B ... bridge
' 7’4

Sebastian Roder - Cased drawings



Crossing gadget

d ~

® Obs. 1 Triangles induce at least 1 switch

X

J

S

12

T ... tunnel
B ... bridge
' 7’4

Sebastian Roder - Cased drawings



Crossing gadget

d ~

® Obs. 1 Triangles induce at least 1 switch
B Obs. 2 6 triangles in gadget

12

R Y

C1 Co
T ... tunnel
B ... bridge
K
R

Sebastian Roder - Cased drawings



Crossing gadget

d ~

® Obs. 1 Triangles induce at least 1 switch

B Obs. 2 6 triangles in gadget
B Obs. 3 6 edges in gadget

12

R Y

C1 Co
T ... tunnel
B ... bridge
K
R

Sebastian Roder - Cased drawings



Crossing gadget

d

>< B ... bridge

>< T tunnel

N X ¥

® Obs. 1 Triangles induce at least 1 switch

B Obs. 2 6 triangles in gadget
B Obs. 3 6 edges in gadget = at least 1 switch per edge p

12

Sebastian Roder - Cased drawings



Crossing gadget

N

«

N AR
%\“\ 10N

~ T ... tunnel

T
g B ... bridge
R Y ¥

® Obs. 1 Triangles induce at least 1 switch

B Obs. 2 6 triangles in gadget

B Obs. 3 6 edges in gadget

12

= at least 1 switch per edge .

Sebastian Roder - Cased drawings



Crossing gadget ac'l!

e A
/ C1 Co
/T 1
~ P -~ T ... tunnel
/\/ B ... bridge
N Y ¥
® Obs. 1 Triangles induce at least 1 switch
B Obs. 2 6 triangles in gadget
B Obs. 3 6 edges in gadget = at least 1 switch per edge p «

Sebastian Roder - Cased drawings



Crossing gadget

® Obs. 1 Triangles induce at least 1 switch

B Obs. 2 6 triangles in gadget
B Obs. 3 6 edges in gadget = at least 1 switch per edge p

T ... tunnel
B ... bridge
' 7’4

Sebastian Roder - Cased drawings



Crossing gadget ac'l!

\,\\T %{% @P
N~
v - /\<- T ... tunnel
T~ B ... bridge
o N N\ ¥

® Obs. 1 Triangles induce at least 1 switch

B Obs. 2 6 triangles in gadget
B Obs. 3 6 edges in gadget = at least 1 switch per edge p

12 Sebastian Roder - Cased drawings



13

Variable gadgets

B4

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



13

Variable gadgets

B4

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



13

Variable gadgets

B4

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



13

Variable gadgets

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



13

Variable gadgets

W v; = true

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



13

Variable gadgets

W v; = true

B v, = false

ac'l"
@X% i f?
T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



14

Reduction
[] NAE(_I’Ul V v9 V ?Jg) N\ NAE(_|UQ V —vg V U4)

T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



Reduction

[] NAE(_I’Ul V v9 V ?Jg) N\ NAE(_l’UQ V —vg V ”04)

ac'l"

Q @ B W

%..

V26— —3sE
W W

\J

a\v

C1

C2

T...

B ..

tunnel
. bridge

Sebastian Roder - Cased drawings



Reduction ac'l!

[] NAE(_I’Ul\/UQ\/?Jg)/\NAE(_l’UQ\/_I?Jg\/U4) %MP
C1

T ... tunnel
B ... bridge

14 Sebastian Roder - Cased drawings



Reduction ac'l!
[] NAE(_I’Ul V v9 V ?Jg) N\ NAE(_l’UQ V —vg V ”04)

@D () () (1)
’ ’ M M ’ ’ M \x /J
U1 ° o ())) ° o U3 ° o Uy o
ﬁ e e e 2
T ... tunnel
B ... bridge

14 Sebastian Roder - Cased drawings



Reduction

[] NAE(_I’Ul V v9 V ?Jg) N\ NAE(_l’UQ V —vg V ”04)

=)

/

k 200
\

acllll
D)) () D)
L XL/
T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



Reduction

[] NAE(_I’Ul V v9 V ?Jg) N\ NAE(_l’UQ V —vg V ”04)

% ’..*jiji;f »

=)

k

/

et e
2 e

200
\

acllll
CT &)
T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



Reduction

[] NAE(_I’Ul V v9 V ?Jg) N\ NAE(_l’UQ V —vg V ”04)

—e

o—

U3

I (7t S
e

200
\

acllll
CT &)
T ... tunnel
B ... bridge

Sebastian Roder - Cased drawings



Reduction ac'l!
[] NAE(_I’Ul V v9 V ?Jg) N\ NAE(_l’UQ V —vg V ”04)

(5)— () () ()
%Ul% ! ° .? %} ’_. o—. </Um3> ! ° .—T %? ° \‘xbl bz/y
T ... tunnel
iiif@ jti;j:i; B ... bridge
v1 = true
Vo = true
v3 = false
v4 = true

C1 C2

14 Sebastian Roder - Cased drawings



Hardness Weaving

MINMAXSWITCHES NP-hard



Results

Hardness

M
M
M

INTOTALSWITCHES
AXTOTALSWITCHES
INMAXSWITCHES

M

INSWITCHEDGES

Tractability

M

INTOTALSWITCHES
AXTOTALSWITCHES
INMAXSWITCHES

M
M
M

INSWITCHEDGES

B k-switch-planar graphs
B MILP implementation

s ¥ with restrictions

Stacking

NP-hard
Stacking

Weaving
O(m4)*
O(m*)
NP-hard
NP-hard

Weaving

ac'l"
Realizable
NP-hard *

N P-hard
N P-hard

Realizable

Sebastian Roder - Cased drawings



B k-switch-planar graphs



16

On Graph Classes
B k-gap-planar graphs

ac'l"

Sebastian Roder - Cased drawings



16

On Graph Classes
B k-gap-planar graphs

all graphs that can be embedded crossing-free
by adding at most k gaps per edge ...

acllll

Sebastian Roder - Cased drawings



16

On Graph Classes
B k-gap-planar graphs

all graphs that can be embedded crossing-free
by adding at most k gaps per edge ...

acllll

K5 is 1-gap-planar

Sebastian Roder - Cased drawings



16

On Graph Classes
B k-gap-planar graphs

all graphs that can be embedded crossing-free
by adding at most k gaps per edge ...

B k-switch-planar graphs
. all graphs that can be encased with at most &
switches per edge ...

ac'l"

K5 is 1-gap-planar

Sebastian Roder - Cased drawings



On Graph Classes ac!l
B k-gap-planar graphs

all graphs that can be embedded crossing-free
by adding at most k gaps per edge ...

B k-switch-planar graphs
. all graphs that can be encased with at most &
switches per edge ...

K5 is 1-gap-planar
K5 is 1-switch-planar

16 Sebastian Roder - Cased drawings



On Graph Classes ac!l
B k-gap-planar graphs

all graphs that can be embedded crossing-free
by adding at most k gaps per edge ...

B b-bend k-switch-planar graphs
. all graphs that can be encased with at most &
switches and b bends per edge ...

K5 is 1-gap-planar
K5 Is 1-switch-planar

16 Sebastian Roder - Cased drawings



On Graph Classes
B k-gap-planar graphs

. all graphs that can be embedded crossing-free
by adding at most k gaps per edge ...

B b-bend k-switch-planar graphs
. all graphs that can be encased with at most &
switches and b bends per edge ...

K5 is 1-gap-planar
K5 is 1-bend 0-switch planar

16 Sebastian Roder - Cased drawings



On Graph Classes
B k-gap-planar graphs

. all graphs that can be embedded crossing-free
by adding at most k gaps per edge ...

B b-bend k-switch-planar graphs
. all graphs that can be encased with at most &
switches and b bends per edge ...

K5 is 1-gap-planar
K5 is 1-bend 0-switch planar

Theorem. Any graph is 2-bend 1-switch-planar.

16 Sebastian Roder - Cased drawings



On Graph Classes
B k-gap-planar graphs

. all graphs that can be embedded crossing-free
by adding at most k gaps per edge ...

B b-bend k-switch-planar graphs
. all graphs that can be encased with at most &
switches and b bends per edge ...

K5 is 1-gap-planar
K5 is 1-bend 0-switch planar

Theorem. Any graph is 2-bend 1-switch-planar.

Lemma. Any bipartite graph is 1-bend 1-switch-planar.

16 Sebastian Roder - Cased drawings



On Graph Classes
k-gap-planar graphs

. all graphs that can be embedded crossing-free
by adding at most k gaps per edge ...

b-bend k-switch-planar graphs
. all graphs that can be encased with at most &
switches and b bends per edge ...

K5 is 1-gap-planar
K5 is 1-bend 0-switch planar

Theorem. Any graph is 2-bend 1-switch-planar.
Lemma. Any bipartite graph is 1-bend 1-switch-planar.

Lemma. A graph is 0-bend O-switch-planar iff it is geometric biplanar.
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